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ERGODIC ABELIAN ACTIONS WITH HOMOGENEOUS
SPECTRUM
ALEXANDRE I. DANILENKO AND ANTON V. SOLOMKO
Abstract. It is shown that for each N > 0 and for a wide class of Abelian
non-compact locally compact second countable groups G including all infinite
countable discrete ones and Rd1 × Zd2 with d1, d2 ≥ 0, there exists a weakly
mixing probability preserving G-action with a homogeneous spectrum of mul-
tiplicity N .
0. Introduction
Assume that G is a non-compact locally compact second countable Abelian
group. Let T = (Tg)g∈G be a measure preserving action of G on a standard
probability space (X,B, µ). The corresponding unitary representation UT of G
in L2(X,µ),
UT (g)f := f ◦ T−1g ,
is called the Koopman representation of G. As usual, we will consider UT only on
L20(X,µ) := L
2(X,µ)⊖C, that is on the subspace of zero mean functions. It is easy
to construct ergodic G-actions T such that UT has a simple spectrum. For instance,
any action with a purely discrete spectrum or, more generally, any rank-one action
has a simple spectrum. In the present paper we consider
(Pr) the problem of existence of ergodic G-actions whose Koopman representa-
tions have a homogeneous spectrum of multiplicity greater than 1.
In the case G = Z this problem is attributed to Rokhlin. The first examples of
ergodic transformations with a homogeneous spectrum of multiplicity 2 appeared
in 1999 in [Ry1] and [A1]. In 2005, Ageev [A2] proved the existence of ergodic
transformations with a homogeneous spectrum of arbitrary multiplicity (see also
subsequent works [D1] and [Ry2] for simplifications and concrete examples of such
transformations). In the case G = Z2, Konev explains in his recent work [Ko] how
to achieve homogeneous spectrum of multiplicity 2 for ergodic G-actions. We also
note that Ryzhikov stated (Pr) for G = R in 2006 (see problem (P9) in [D2, §5]).
We now state the main result of the paper. Recall that each Abelian locally
compact Polish group G is isomorphic to the product Rp×G′, where G′ is a locally
compact group containing an open compact subgroup G′0 [HR, Theorem 24.30].
Theorem 0.1. Let one of the following be satisfied:
(i) p > 0,
(ii) p = 0 and G′0 is a direct summand in G0,
(iii) p = 0, G′0 is not a direct summand in G0 and there is no k > 0 such that
k · g = 0 for all g ∈ G′/G′0.
The second named author was partially supported by Akhiezer fund.
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Then for each N > 1, there exists a weakly mixing G-action with a homogeneous
spectrum of multiplicity N .
In particular, the conditions of the theorem hold if G is any infinite countable
discrete Abelian group or G = Rp or the direct product of a discrete group with
Rp or if G is a field of q-adic numbers, etc.
To show this theorem we use a “generic” argument as in [A2], [D1] and [Ry2]:
given G and N , we introduce an auxiliary non-Abelian group, topologize the set of
all measure preserving actions of this group and show that certain two properties
of these actions are generic. Hence there is an action possessing both of them. We
then show that the two properties imply the homogeneous spectrum of multiplicity
N . Even in the case of G = Z, our auxiliary group is different from those considered
in [A2], [D1] and [Ry2]. It includes G as a direct summand.
We thank V. Ryzhikov for his stimulating questions.
1. Countable discrete Abelian group actions with homogeneous
spectrum
In this section we prove Theorem 0.1 in the case when G is discrete, countable,
infinite and Abelian. In general, the proof goes along the lines developed in [D1].
However, the crucial step is to choose a new auxiliary group Γ in a “right” way (see
below).
Denote by U(H) the group of unitary operators on a separable Hilbert space H.
We endow U(H) with the (Polish) strong operator topology (which on U(H) is also
the weak operator topology). Given a discrete countable group F , we furnish the
product space U(H)F with the product topology and denote by UF (H) ⊂ U(H)F
the subset of all unitary representations of F in H. Obviously, UF (H) is closed in
U(H)F and hence Polish in the induced topology.
Given a standard non-atomic probability space (X,B, µ), let Aut(X,µ) stand
for the group of invertible µ-preserving transformations of X . By an action T of F
we mean a group homomorphism T : F ∋ f 7→ Tf ∈ Aut(X,µ).
Denote by AF ⊂ Aut(X,µ)F the subset of all measure-preserving actions of F
on (X,B, µ). Recall that UT denotes the Koopman representation of F associated
with T ∈ AF . We endow AF with the weakest topology which makes continuous
the mapping
AF ∋ T 7→ UT ∈ UF (L20(X,µ)).
It is Polish. It is easy to verify that a sequence T (m) of F -actions converges to T
if and only if µ(T
(m)
f A△ TfA)→ 0 as m → ∞ for each f ∈ F and A ∈ B. There
exists a natural continuous action of Aut(X,µ) on AF by conjugation:
(R · T )f = RTfR−1 for R ∈ Aut(X,µ), T ∈ AF , f ∈ F .
The following three lemmata are well known in the case of Z-actions. Since we
were unable to find in the literature their generalization to the general Abelian case,
we provide these lemmata with short proofs.
Lemma 1.1. The subset of weakly mixing G-actions is Gδ in AG.
Proof. First let us show that the subset E := {T ∈ AG | T is ergodic} is Gδ in
AG. Given T ∈ AG, denote by Pinv the orthogonal projection from L20(X,µ) to the
subspace of T -invariant functions in L20(X,µ). It is well known that T is ergodic if
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and only if Pinv = 0. Fix a Følner sequence {Fn}n∈N in G. It follows from the von
Neumann theorem [Gl, Theorem 3.33] that for each T ∈ AG,
lim
n→∞
1
|Fn|
∑
g∈Fn
UT (g)ϕ = Pinvϕ
for every ϕ ∈ L20(X,µ). Therefore, T is ergodic if and only if for any ε > 0,
ϕ ∈ L20(X,µ) and N ∈ N, there exists n > N such that
∥∥ 1
|Fn|
∑
g∈Fn
UT (g)ϕ
∥∥ < ε.
Let {ϕk}k∈N be a dense subset in L20(X,µ). Then E is Gδ in AG because
E =
∞⋂
m=1
∞⋂
k=1
∞⋂
N=1
∞⋃
n=N
{
T ∈ AG |
∥∥∥ 1|Fn| ∑
g∈Fn
UT (g)ϕk
∥∥∥ < 1
m
}
.
This and the following facts:
(i) T is weakly mixing if and only if T × T is ergodic;
(ii) the map T 7→ T × T is continuous,
imply that the subset of weakly mixing G-actions is also Gδ in AG. 
Let U be a unitary representation of G in a separable Hilbert space H. By the
cyclic subspace of ψ ∈ H we mean the smallest closed U -invariant subspace H(ψ)
of H containing ψ. Let also d(ϕ,H′) stand for the distance from a vector ϕ ∈ H to
a subspace H′ in H.
By the spectral theorem for U , there exist a probability measure σ on the com-
pact Polish dual group Ĝ and a Borel field of Hilbert spaces Ĝ ∋ ω 7→ Hω such
that (up to unitary equivalence)
(1.1) H =
∫ ⊕
Ĝ
Hωdσ(ω) and Ug =
∫ ⊕
Ĝ
ω(g)Iωdσ(ω) for each g ∈ G,
where Iω is the identity operator on Hω. Moreover, for every ψ ∈ H
(1.2) H(ψ) =
∫ ⊕
Ĝ
H′ωdσ(ω),
where H ′ω is a subspace in Hω, dimH′ω = 0 or 1 for σ-almost all ω ∈ Ĝ. The map
k : Ĝ→ N∪{∞}, k(ω) = dimHω is called the multiplicity function of U . Denote by
M(U) the set of essential values for the multiplicity function of U . By definition,
U has a homogeneous spectrum of multiplicity N if M(U) = {N}, and U has a
simple spectrum if M(U) = {1}. Given T ∈ AG, let M(T ) :=M(UT ).
Lemma 1.2 (Katok-Stepin lemma for Abelian actions). If U ∈ UG(H) does not
have simple spectrum then there exist unit vectors ϕ1, ϕ2 ∈ H such that for all
ψ ∈ H
d2(ϕ1,H(ψ)) + d2(ϕ2,H(ψ)) > 1.
Proof. By the spectral theorem for U , the decomposition (1.1) holds. By the con-
dition of the lemma, there is a subset A in Ĝ, σ(A) > 0, such that k(ω) > 2 for
each ω ∈ A. Then we can choose measurable fields Ĝ ∋ ω 7→ ϕ1(ω), ϕ2(ω) ∈ Hω
in such a way that ‖ϕ1(ω)‖ = ‖ϕ2(ω)‖ = 1√
σ(A)
, ϕ1(ω) ⊥ ϕ2(ω) for ω ∈ A, and
ϕ1(ω) = ϕ2(ω) = 0 for ω ∈ Ĝ \A. Let ψ ∈ H. It follows from (1.2) that
H(ψ) =
∫ ⊕
Ĝ
H′ωdσ(ω) with dimH′ω 6 1.
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Applying Bessel inequality we obtain d2(ϕ1(ω),H′ω) + d2(ϕ2(ω),H′ω) > 1√σ(A) for
any ω ∈ A. Hence
d2(ϕ1,H(ψ)) + d2(ϕ2,H(ψ)) =
∫
A
(
d2(ϕ1(ω),H′ω) + d2(ϕ2(ω),H′ω)
)
dσ(ω) > 1.

Lemma 1.3. The subset of actions with a simple spectrum is Gδ in AG.
Proof. By the definition of topology onAG, it suffices to show that given a separable
Hilbert space H, the subset S ⊂ UG(H) of unitary representations with a simple
spectrum is Gδ. Fix a dense subset D = {ϕi}i∈N in H. Enumerate the elements
of G as {gj}j∈N. Define a subset S1 ⊂ UG(H) as follows: U ∈ S1 if and only if
given ϕ1, . . . , ϕn ∈ D and ε > 0, there exist ψ ∈ H, N ∈ N and λi,1, . . . , λi,N ∈ C,
i = 1, . . . , n, such that∥∥∥ϕi − N∑
j=1
λi,jU(gj)ψ
∥∥∥ < ε, i = 1, . . . , n.
We see that S1 is Gδ in UG(H):
S1 =
∞⋂
n=1
∞⋂
m=1
∞⋃
N=1
⋃
ψ∈H
⋃
{λi,j}⊂C
{U ∈ UG | max
16i6n
∥∥∥ϕi − N∑
j=1
λi,jU(gj)ψ
∥∥∥ < 1
m
}.
If U has a simple spectrum then there is ψ ∈ H with H(ψ) = H. Therefore, S1 ⊃ S.
The converse inclusion follows from Lemma 1.2: if U /∈ S then we can choose unit
vectors ϕ1, ϕ2 ∈ H in such a way that d2(ϕ1,H(ψ)) + d2(ϕ2,H(ψ)) > 1 for each
ψ ∈ H, and hence U /∈ S1. 
Suppose we are given a countable discrete Abelian group J . Then we define a
‘cyclic’ group automorphism A : JZ/NZ → JZ/NZ by setting
(Aj)(i) := j(i− 1), j ∈ JZ/NZ, i ∈ Z/NZ,
and denote by Γ a semidirect product G×JZ/NZ⋊A (Z/NZ) with the multiplication
law as follows:
(g, j, n)(h, k,m) := (g+ h, j+Ank, n+m), g, h ∈ G, j, k ∈ JZ/NZ, n,m ∈ Z/NZ.
We now isolate an Abelian subgroup Λ := {(g, 0, n) | g ∈ G,n ∈ Z/NZ} in Γ.
The following lemma is crucial in the proof of the main theorem. We show how to
choose J to construct a free Γ-action whose restriction to Λ has a simple spectrum.
Lemma 1.4. There exists J and a free action T of the corresponding group Γ such
that T ↾ Λ is ergodic with a pure point spectrum.
Proof. Let K be a compact second countable Abelian group and let R : G → K
be a one-to-one homomorphism with R(G) = K. To see that such K and R exist,
let {χn}n∈N ⊂ Ĝ be such that for each 0 6= g ∈ G there is n with χn(g) 6= 1.
Define a continuous embedding R : G → TN by setting R(g) := (χ1(g), χ2(g), . . .).
It remains to set K := R(G).
We claim that there are a countable discrete Abelian group J and one-to-one
homomorphisms Si : J → K, i ∈ Z/NZ, such that the subgroups
(1.3) R(G), S0(J), . . . , SN−1(J) are independent in K,
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i. e., R(g)+S0(j0)+ · · ·+SN−1(jN−1) = 0 implies g = 0, j0 = · · · = jN−1 = 0. For
that we consider separately two cases. Denote by K0 the torsion subgroup of K.
First case. Suppose that K0 is meager. Given a countable subgroup L ⊂ K, let
L˜ := {k ∈ K | ∃m > 0 : mk ∈ L}. Obviously, L˜ ⊃ L∪K0. Since the quotient group
L˜/K0 is countable and K0 is meager, L˜ is also meager. The Baire category theorem
implies that K \ L˜ 6= ∅, i. e., there exists an element 0 6= k ∈ K of infinite order
such that 〈k〉 ∩L = {0}. We will use this fact repeatedly. First put L := R(G) and
choose an element k0 ∈ K\K0 with 〈k0〉∩R(G) = {0}. Second put L := R(G)+〈k0〉
and choose an element k1 ∈ K \K0 with 〈k1〉∩ (R(G)+ 〈k0〉) = {0}. Continuing in
the same way, we construct elements k0, . . . , kN−1 ∈ K of infinite order such that
the subgroups R(G), 〈k0〉, . . . 〈kN−1〉 are independent. It remains to set J := Z and
define embeddings Si : J → K, i ∈ Z/NZ, by Si(j) := jki. Clearly, (1.3) is satisfied
for Si, i ∈ Z/NZ.
Second case. Now suppose thatK0 is nonmeager. Then by [VTCh, Theorem 2.3],
K0 − K0 contains a neighborhood of the identity. Thus, K0 is open in K. This
and the compactness of K implies K = K0. It follows from [HR, Theorem 25.9]
that K splits into direct product K = (Z/qZ)N × C for some q > 1, where C
is another compact Abelian group. Enumerate the elements of R(G) as (gm, cm),
gm ∈ (Z/qZ)N, cm ∈ C, m ∈ N. Fix nonempty pairwise disjoint subsets Ali,n,m, Bi,n
of N, i ∈ Z/NZ, n,m ∈ N, l = 1, . . . , q − 1, and select fi,n ∈ (Z/qZ)N, i ∈ Z/NZ,
n ∈ N, in such a way that
(i) lfi,n(k) 6= gm(k), for k ∈ Ali,n,m,
(ii) fi,n(k) := 1, for k ∈ Bi,n,
(iii) fi,n(k) := 0, otherwise.
To satisfy (i) put fi,n(k) := 0 if gm(k) 6= 0, and fi,n(k) := 1 if gm(k) = 0. Each
fi,n is an element of period q by (ii). We now set J :=
⊕∞
n=1(Z/qZ) and define
embeddings Si : J → K, i ∈ Z/NZ, by setting
Si((l1, l2, . . .)) := l1(fi,1, 0) + l2(fi,2, 0) + · · · .
Then (i) and (iii) imply (1.3) for Si, i ∈ Z/NZ.
Thus the claim is proved. Now let X := K × (Z/NZ). Then X is a compact
Abelian group. We equip X with Haar measure. Now we define an action T of Γ
on X by setting
T(g,j,m)(k, n) := (k +R(g) + Sn+m(j(n+m)), n+m),
(g, j,m) ∈ Γ, (k, n) ∈ X . It follows from (1.3) that T is free. To show that T ↾ Λ is
ergodic and has a pure point spectrum we just note that Λ acts on X by rotations
T(g,0,n)x = x+ (R(g), n)
and the subgroup {(R(g), n) | (g, 0, n) ∈ Λ} is dense in X . 
The following two lemmata are analogues of Proposition 1.2 and Lemma 1.3
from [D1] respectively. To state them we need to introduce more subgroups in Γ:
Hi := {(0, j, 0) | j ∈ JZ/NZ, j(i) = −j(0), j(k) = 0 for k 6= 0, i}, 1 6 i < N,
H := {(g, j, 0) | g ∈ G, j ∈ JZ/NZ},
F := Λ ∩H ∼= G.
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Lemma 1.5. The following two subsets are dense Gδ in AΓ:
W := {T ∈ AΓ | T ↾ Hi is weakly mixing for each 1 6 i < N} and
S := {T ∈ AΓ | T ↾ Λ has a simple spectrum}
Proof. Since for each subgroup Γ1 ⊂ Γ, the map AΓ ∋ T 7→ T ↾ Γ1 ∈ AΓ1 is
continuous, it follows from Lemmata 1.1 and 1.3 that W and S are both Gδ in AΓ.
We note thatW and S are Aut(X,µ)-invariant. By [FW, Claim 18] the Aut(X,µ)-
orbit of any free Γ-action is dense in AΓ. Therefore, it remains to show thatW and
S contain at least one free action. Each Bernoullian Γ-action is free and belongs to
W . Since each ergodic action with pure point spectrum has a simple spectrum, S
contains a free Γ-action by Lemma 1.4. 
Let e0 := (0, 0, 1) ∈ Γ. Notice that e0(0, j, 0)e−10 = (0, Aj, 0). Therefore, A
extends naturally to Γ via the conjugation by e0.
Lemma 1.6. Let H be a separable Hilbert space and let U : H ∋ h 7→ U(h) ∈ U(H)
be a unitary representation of H in H. If U is unitarily equivalent to U ◦ A and
for each 1 6 i < N , the representation U ↾ Hi of Hi has no non-trivial fixed vector
then M(U ↾ F ) ⊂ {N, 2N, . . .} ∪ {∞}.
Proof. By the spectral theorem for U , there exist a probability measure σ on the
dual group Ĥ and a Borel map k : Ĥ → N∪{∞} such that the following decompo-
sition holds (up to unitary equivalence):
(1.4) H =
∫ ⊕
Ĥ
Hωdσ(ω) U(h) =
∫ ⊕
Ĥ
ω(h)Iωdσ(ω)
for each h ∈ H , where ω 7→ Hω is a Borel field of Hilbert spaces, dimHω = k(ω)
and Iω is the identity operator on Hω.
The inclusion F → H induces a projection pi : Ĥ → F̂ . Let σ = ∫
F̂
σχdσ̂(χ)
denote the disintegration of σ relative to this projection. Then we derive from (1.4)
that
H =
∫ ⊕
F̂
H′χdσ̂(χ) and Ug =
∫ ⊕
F̂
χ(g)Iχdσ̂(χ),
where H′χ :=
∫ ⊕
Ĥ
Hωdσχ(ω). Let l(χ) := dimH′χ, χ ∈ F̂ . Then
(1.5) l(χ) =
{∑
σχ(ω)>0
k(ω), if σχ is purely atomic,
∞, otherwise.
Notice that σ ◦ A∗ is the spectral measure for U ◦ A where A∗ is the dual to
A automorphism of Ĥ , and recall that AN = id. Since U is unitarily equivalent
to U ◦ A, it follows that σ is equivalent to σ ◦ A∗ and k = k ◦ A∗. We may
therefore assume that k and σ are both invariant under A∗ by replacing σ with
1
N
∑N−1
n=0 σ ◦A∗n if necessary.
We claim that
(1.6) for σ-almost all ω ∈ Ĥ , A∗-orbit of ω has length N .
Indeed, otherwise there exist 1 6 m 6 N − 1 and B ⊂ Ĥ , σ(B) > 0, such that
A∗mω = ω, ω ∈ B. Then by (1.4) there exists vector 0 6= ψ ∈ H, suppψ ⊂ B, such
that U(Amh)ψ = U(h)ψ for every h ∈ H . Equivalently, U(Amh−h)ψ = ψ for each
h ∈ H , i. e., ψ is a non-trivial fixed vector for U ↾ Hm. However, this contradicts
to a condition of the lemma.
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Since Ag = g for all g ∈ F , we have pi ◦ A∗ = pi. Therefore, in follows from the
invariance of σ under A∗ that σχ ◦ A∗ = σχ for σ̂-almost all χ ∈ F̂ . Hence (1.5),
(1.6) and the fact k ◦ A∗ = k imply that N | l(χ) for σ̂-almost all χ ∈ F̂ , i. e.
M(U ↾ F ) ⊂ {N, 2N, . . .} ∪ {∞}. 
Now we are ready to prove the main result of this section (recall that G is
isomorphic to F ⊂ Γ).
Theorem 1.7. For each T ∈ S ∩W, i. e. for a generic action from AΓ, the action
T ↾ F is weakly mixing and M(T ↾ F ) = {N}.
Proof. Since T ∈ W and UT (e0)UT (h)UT (e0)−1 = UT (Ah) for each h ∈ H , we can
apply Lemma 1.6 which yields that
M(T ↾ F ) ⊂ {N, 2N, . . .} ∪ {∞}.
On the other hand, M(T ↾ Λ) = {1} since T ∈ S. Recall that F is a subgroup of
index N in Λ. Hence
M(T ↾ F ) ⊂ {1, . . . , N}.
Therefore, M(T ↾ F ) = {N}. Since 1 /∈ M(T ↾ F ), it follows that T ↾ F is weakly
mixing. 
2. Rp-actions with homogeneous spectrum
In this section we prove Theorem 0.1 in the case when G = Rp.
Theorem 2.1. Given p > 0 and N > 1, there exists a weakly mixing measure
preserving Rp-action with homogeneous spectrum of multiplicity N .
From now on we let J := Z. As in the previous section, we denote by Γ the
semidirect product Γ := Rp × JZ/NZ ⋊A (Z/NZ), where A is the same (as in
Section 1) ‘cyclic’ group automorphism. Consider the following subgroups in Γ:
Λ := {(t, 0, i) | t ∈ Rp, i ∈ Z/NZ},
Φ := {(0, j, i) | j ∈ JZ/NZ, i ∈ Z/NZ},
H := {(t, j, 0) | t ∈ Rp, j ∈ JZ/NZ},
Hi := {(0, j, 0) | j ∈ JZ/NZ, j(i) = −j(0), j(k) = 0 for k 6= 0, i} ∼= J, 1 6 i < N,
F := Λ ∩H ∼= Rp.
We denote by AΓ the set of all measure-preserving Γ-actions on X . Let d0 stand
for a complete metric compatible with the weak topology on Aut(X,µ) [Gl]. Fix a
map α : Φ→ (0, 1) such that ∑f∈Φ α(f) <∞ and equip AΓ with the metric
d(T, S) := sup
t∈[−1,1]p
d0(T(t,0,0), S(t,0,0)) +
∑
f∈Φ
αfd0(Tf , Sf ).
It is easy to see that d is compatible with the topology of uniform convergence on
the compact subsets in Γ. Since (Aut(X,µ), d0) is a Polish group, one can deduce
easily that (AΓ, d) is a Polish space. Moreover, the natural action of Aut(X,µ) on
AΓ by conjugation is continuous. In a similar way, given any locally compact second
countable group Λ, a Polish topology is introduced on the set AΛ of µ-reserving
actions of Λ.
In the previous section we widely used the following facts about the space of
actions of a discrete countable group, say Σ:
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(a) the set of free Σ-actions is Gδ in AΣ [GlK],
(b) the Aut(X,µ)-orbit of any free Σ-action is dense in AΣ [FW].
We first briefly demonstrate similar facts for actions of some continuous locally
compact groups (because we were unable to find them in the literature).
Lemma 2.2. Given a locally compact Polish group Λ, the subset F of free Λ-actions
is Gδ in AΛ.
Proof. Fix a sequence Ai = (A(i)1 , . . . , A(i)2i ) of finite partitions of X such that Ai+1
refines Ai and
∨
i>0Ai = B. Select a sequence of compacts K1 ⊂ K2 ⊂ · · · in Λ
such that
⋃
i>0Ki = Λ \ {1λ}. Then it remains to note that
F =
∞⋂
l=1
∞⋂
m=1
∞⋂
n=1
∞⋃
i=0
{T ∈ AΛ |
∑
j∈Ji,l,n
µ(A
(i)
j ) > 1−
1
m
},
where Ji,l,n = {j | maxk∈Kl µ(TkA(i)j ∩ A(i)j ) < 1nµ(A
(i)
j )}. 
Now we return to the group Γ and note that it is monotilable. This means
that there exist a Følner sequence {Fn}n∈N and a sequence {Cn}n∈N of countable
subsets in Γ such that {Fnc | c ∈ Cn} is a partition of Γ for each n. (We will also
assume that F1 ⊂ F2 ⊂ · · · and
⋃
n>0 Fn = Γ.) Hence a “classical” Rokhlin lemma
holds for ergodic free actions of Γ as follows.
Lemma 2.3 ([Se], [OW]). Let T be an ergodic free action of Γ. Given ε > 0 and
n > 0, there exist a subset A ⊂ X with µ(A) > 1 − ε, a standard probability space
(Y, ν) and a one-to-one measure preserving mapping ϕ : (A, µ) → (Y × Fn, ν × λ)
such that
ϕTgϕ
−1(y, h) = (y, gh) for (y, g) ∈ Y × Fn, h ∈ Fn ∩ (g−1Fn),
where λ is the Haar measure on Γ normed in such a way that λ(Fn) = µ(A).
We will call (A,ϕ, Y ) an (Fn, ε)-Rokhlin tower. The following assertion is a
natural corollary of Lemma 2.3.
Lemma 2.4. The Aut(X,µ)-orbit of any Γ-action T ∈ E is dense in E.
Proof. Let T, T ′ ∈ E . Fix a Haar measure λ on Γ. Take ε > 0, a compact subset
K ⊂ Γ and a finite sequence B1, . . . , Bk of measurable subsets in X . Take n large so
that K ⊂ Fn and λ(Fn △ (K−1Fn)) < ελ(Fn). By Lemma 2.3, there exist (Fn, ε)-
Rokhlin towers (A,ϕ, Y ) and (A′, ϕ′, Y ′) for T and T ′, respectively. Without loss
of generality we may assume that µ(A) = µ(A′). Let S : Y → Y ′ be a measure
preserving bijection. Then we define R : A → A′ by setting R := (ϕ′)−1(S × I)ϕ.
It follows that RTgx = T
′
gRx for all g ∈ Fn, x ∈ ϕ−1(Y × (Fn ∩ g−1Fn)) ⊂ A.
Extend R to a one-to-one measure preserving transformation of X in an arbitrary
way. The inclusion RTgR
−1Bi △ T ′gBi ⊂ {x ∈ A′ | RTgx 6= T ′gRx} implies that
µ(RTgR
−1Bi △ T ′gBi) < 2ε
for all g ∈ K, 1 6 i 6 k. This implies that T ′ belongs to the closure of the
Aut(X,µ)-orbit of T . 
Thus we established analogues of (a) and (b) for continuous groups. Now let
E ⊂ AΓ stand for the subset of all free actions T such that T ↾ Λ is ergodic.
Lemma 2.5. E is Gδ in AΓ.
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Proof. Since the map AΓ ∋ T 7→ T ↾ Λ ∈ AΛ is continuous, it suffices to show that
the set of ergodic Λ-actions is Gδ in AΛ (and apply also Lemma 2.2). Since the
von Neumann mean ergodic theorem holds for the Λ-actions along a fixed Følner
sequence, we deduce that the set of ergodic actions is Gδ in AΛ. For that, we argue
almost verbally as in the proof of Lemma 1.1. 
It follows that E is Polish when endowed with the induced topology.
We now state an analogue of Lemma 1.4.
Lemma 2.6. There exists an action T ∈ E such that the restriction T ↾ Λ has a
pure point spectrum.
Proof. Take rationally independent irrationals αn, n = 1, . . . , p + N . Define one-
to-one homomorphisms R : Rp → Tp+1 and Sk : J → Tp+1, 0 6 k < N , by setting
R(t) := (e2piit1 , . . . , e2piitp , e2pii(α1t1+···+αptp))
Sk(j) := (1, . . . , 1, e
2piiαp+k+1j),
t = (t1, . . . , tp) ∈ Rp, j ∈ J . Then the subgroups R(Rp), S0(J), . . . , SN−1(J) are
independent in Tp+1. We set X := Tp+1 × (Z/NZ). Then X is a compact Abelian
group. We equip X with Haar measure. Now we define an action T on X as follows:
T(t,j,m)(z, n) := (z +R(t) + Sn+m(j(n+m)), n+m),
(t, j,m) ∈ Γ, (z, n) ∈ X . Obviously, T is free. Since T(t,0,n)x = x + (R(t), n),
(t, 0, n) ∈ Λ, x ∈ X , and the subgroup {(R(t), n) | (t, 0, n) ∈ Λ} is dense in X , it
follows that the action T ↾ Λ is ergodic with a pure point spectrum. 
The following assertion is a direct analogue of Lemma 1.5.
Lemma 2.7. The following two subsets are residual in E:
W := {T ∈ E | T ↾ Hi is weakly mixing for each 1 6 i < N} and
S := {T ∈ E | T ↾ Λ has a simple spectrum}
Proof. The subset of weakly mixing Hi-actions and the subset of Λ-actions with
simple spectrum are Gδ in AHi and AΛ respectively (the proof is similar to the
proofs of Lemmata 1.1, 1.3). Therefore,W and S are both Gδ in E . Notice that W
and S are Aut(X,µ)-invariant. Therefore in view of Lemma 2.4 it remains to show
thatW and S are non-empty. Consider an action of Γ on itself by translations. This
action preserves the (σ-finite, infinite) Haar measure. The corresponding Poisson
suspension of this action is a probability preserving free Γ-action and it belongs to
W (see [OW]). It is an analogue of Bernoulli action for continuous groups. On the
other hand, S 6= ∅ by Lemma 2.6. 
Lemma 1.6 extends to the setting of continuous groups almost verbally. There-
fore we conclude the following
Theorem 2.8. For each T ∈ S ∩W, i. e. for a generic action from E, the action
T ↾ F is weakly mixing and M(T ↾ F ) = {N}.
Recall that F is isomorphic to Rp, and hence Theorem 2.1 is shown.
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3. General case
Our purpose in this section is to prove Theorem 0.1 in the full generality. Thus
G = Rp × G′ for some p ≥ 0, where G′ is a locally compact Polish group which
contains an open compact subgroup G′0. As in the two previous sections, we select
a certain discrete countable Abelian subgroup J (depending on G) and consider
a semidirect product Γ = G × JZ/NZ ⋊A Z/NZ. The set AΓ of probability pre-
serving Γ-actions is equipped with the Polish topology of uniform convergence on
the compact subsets of Γ. Arguing as in Sections 1 and 2 one can show that for a
generic action T from AΓ, the restriction of T to G has a homogeneous spectrum
of multiplicity N . It remains only to explain how to select J and how to construct
a free Γ-action whose restriction to the subgroup G× {0} × Z/NZ is ergodic with
a pure point spectrum.
(i) Let p > 0. Then we set J = Z. Let T be a free action of Rp×JZ/NZ⋊AZ/NZ
such that T ↾ (Rp × {0} × Z/NZ) is ergodic with a pure point spectrum. Such an
action is constructed in Lemma 2.6. Now take any free ergodic G′-action T ′ with
a pure point spectrum. Then the product action T ⊗ T ′ (considered as a Γ-action)
is as desired.
(ii) Let p = 0 but G′ = G′0 × G′/G′0. Since G is non-compact, the quotient
group G′/G′0 is infinite. Then we select J and construct a free action T of the
corresponding group G′/G′0×JZ/NZ⋊AZ/NZ such that T ↾ (G′/G′0×{0}×Z/NZ)
is ergodic with a pure point spectrum as in Lemma 1.4. Let T ′ be an action of G′0
on itself (equipped with Haar measure) by translations. Then the product action
T ′ × T is as desired.
(iii) Suppose that p = 0, G′0 is not a direct summand in G
′ and there is no k > 0
such that k · g = 0 for all g ∈ G′/G′0. Let K be a compact Abelian group and
R : G′ → K be a continuous one-to-one group homomorphism with R(G′) = K.
Of course, R(G′0) is closed in K. Moreover, a one-to-one homomorphism
R′ : G′/G′0 ∋ g′ +G′0 7→ R(g′) +R(G′0) ∈ K/R(G′0)
is well defined. It is easy to see that R′(G′/G′0) is dense in K/R(G
′
0). It fol-
lows that K/R(G′0) has elements of infinite order ([HR, Theorem 25.9]). Hence
arguing as in the proof of Lemma 1.4, we set J = Z and define group homomor-
phisms S′0, . . . , S
′
N−1 : J → K/R(G′0) in such a way that the subgroups R′(G′/G′0),
S′0(J), . . . , S
′
N−1(J) are independent in K/R(G
′
0). Then there are homomorphisms
S0, . . . , SN−1 : J → K such that Si(k) + R(G′0) = S′i(k), k ∈ J . The subgroups
R′(G′), S0(J), . . . , SN−1(J) are independent in K. Hence we can define the sought-
for action of Γ on K × Z/NZ in a similar way as in the proof of Lemma 1.4.
The problem why this does not work if the orders of all elements of G′/G′0 are
bounded from above is that then J is a torsion group and we, in general, can not
‘cover’ a homomorphism S′ : J → K/R(G′0) with a homomorphism S : J → K.
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